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Abstract.

Any domain decomposition or additive Schwarz method can be put into the abstract
framework of subspace iteration. We consider generalizations of this method to the
nonlinear case. The analysis shows under relatively weak assumptions that the non-
linear iteration converges locally with the same asymptotic speed as the corresponding
linear iteration applied to the linearized problem.
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0 Introduction.

We describe a generalization of the subspace iteration to the nonlinear case. It
reduces to the standard subspace iteration in the linear case. In this sense, it is
a true generalization of the linear subspace iteration. It requires the solution of
local nonlinear subproblems. The analysis shows under relatively weak assump-
tions that the nonlinear iteration converges locally with the same asymptotic
speed as the corresponding linear iteration applied to the linearized problem.
To simplify the presentation, we assume for the linear as well as for the nonlin-
ear case that the local subproblems are solved exactly. It is straightforward to
replace the exact solution by an iterative one.

The nonlinear subspace iteration presented in this paper is constructed from
the linear one in the same way as the linear multi-grid method is generalized to
the nonlinear one. Therefore the tools of the analysis are similar to those in the
multi-grid case (cf. Hackbusch [6, §9]).

In the second part of this paper, we discuss conditions under which global
convergence can be guaranteed. The proposed algorithm uses different strategies
depending on whether the iterates are in a neighbourhood of the solution or
outside. We remind the reader of a global convergence result for the nonlinear
multi-grid method (cf. Hackbusch and Reusken [8]).
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A different approach to the solution of nonlinear problems is the use of New-
ton’s method. The involved linear equations can be solved, e.g., by a domain
decomposition method as secondary iteration. The nonlinear solver is analysed
by Cai and Dryja [1] for some special cases. A convergence analysis of a similar
algorithm under stronger conditions is considered in Part II of Tai [10].

1 The general setting of the problems.
1.1 The nonlinear problem.

We consider the finite dimensional nonlinear equation
(1.1a) F(z)=0 zeDcCX,dmX < .

The fact that this equation may be a finite element discretization of the nonlinear
boundary value problem (see §2) will not be used in this section. We assume
that there is at least one solution z* of (1.1a) in D, which will be fixed in the
following:

(1.1b) thereis z* € D with F(z*)=0.
Further, we assume that the solution z* is locally isolated:

(1.1¢} U C D is a neighbourhood of =* such that z* is the unique solution of
(1.1a) in U;

(1.1d)  the Fréchet derivative F'(z*) exists and is non-singular.

The multidimensional analogue of a difference quotient is the following operator
DF. We assume that

"

(1.1e)  a uniformly bounded linear operator DF(z',z" ) € L(X, X) is defined
forallz ,z” € X (ie., ||[DF(z’,2)|| < C for all z',z € X such that

1"

(11f) F(z')-F@&")=DF(@ 2" )z —z") and

(1.1g) ||IDF(z',2") = F'(z*)|| =0 as z .,z — z*.

Here, || - || denotes the norm of X and at the same time the induced operator
norm in L(X, X). The assumptions made above are very weak as shown in the
following remarks.

REMARK 1.1. Since X is finite dimensional, DF(a:',x'")”and F’(mj‘) are
bounded. Moreover, the convergence (1.1g) implies || DF(z ,z )| < 2||F (z”)||
for all z ,z in a suitable neighbourhood U C U of z*.

REMARK 1.2. Assume that F'(z) exists for all z € U. Then a possible choice
of DF(z',z") is

1
(1.2) DF(z’,a:") = /0 F'(z’ + t(:c” —))dt.
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If, in addition, F"'(x) is continuous at z* (i.e., ||F (z*) - F (z)]| = 0 as = — z*),
then (1.1g) holds for DF from (1.2). '

REMARK 1.3. The assumption (1.1f) may even be satisfied when F is not F-
differentiable in U{z*}. As an example take any Lipschitz continuous function
F : R —» R with F'(0) existing at 0. Then (1.1f) is valid for the difference
quotient DF(z',z") := (F(z') — F(¢"))/(z ~z )ifz # 2z and DF(z,x) =
F'(0), otherwise. However, (1.1g) holds only in the weaker sense that asz ,z —
z*, &,z also have to satisfy ||z — z*|| + ||z — z*|| < const||lz -z ||.

1.2 Subspaces.

Any subspace method (Schwarz method or domain decomposition method)
can be characterized by means of spaces X, (x € I, I is a finite index set),
linear injective mappings

(1.3a) Pr: Xk = X,
and linear surjective mappings
(1.3b) Tt X = X

The spaces X,; are the spaces used in the computations, while the images p. X
are the subspaces of X involved in the subspace iteration method. The subspaces
px X, must cover the whole space X, i.e., it is required throughout this paper
that

(1.4) X =3 puX..
wel

The standard choice of the “restriction” r, is
(1.5) r := pT (adjoint in the Euclidean inner product).

An analysis of linear subspace iterations using this notation can be found in
Hackbusch [7, §11].

1.8 Nonlinear subspace iteration.

In the following we describe a nonlinear iteration which reduces to the standard
subspace iteration in the linear case. In this sense, it is a true generalization of
the linear subspace iteration. Let & be a given approximation in the neighbour-
hood U of z*. For each index « € I, we pose the following nonlinear subspace
problem:

Find é. € X, such that

(1.6) roF (% — pedy) = 0.

In (1.6) we require the exact solution of the subspace problem. In the numerical
application, this will be replaced by an approximate solution analogously to the
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linear case (cf. [7]). Since the analysis of secondary iteration would complicate
the discussion without gaining more insight, we restrict our discussion to (1.6).

In general, the solvability of (1.1a) in X does not imply solvability of (1.6) in
the subspace X,. To establish the latter, we suppose that the operator

(1.7) reF ()P : X = X

is invertible. In the linear case, (1.7) means that the subspace problem is solv-
able. Usually, this assumption is not explicitly written, since the assumptions
of the following remark are satisfied.

REMARK 1.4. If F'(z*) is positive definite and (1.5) holds, then rF’ (z*)p,.
is also positive definite, so that (1.7) holds.

The next result shows that (1.7) guarantees the local solvability of the nonlin-
ear problems (1.6).

THEOREM 1.1. Assume (1.1a—g), (1.7) and choose a sufficiently small neigh-
bourhood U’ of z* (i.e., z* € U C U C X). Then the subspace problem (1.6) is
uniquely solvable for all T € U’ and all indices k € 1.

By “uniquely solvable” we mean that there is a unique continuous function
8, = 0(Z) satisfying (1.6) for & € U  with 8,(z*) = 0.

ProOOF. Set A, := r,cF'(w*)p,g. Since x is fixed in the following, we write
4 instead of d;. The mapping ¢ = ¢, defined below describes a Newton-like
iteration:

SPeW = (50 7 with ¢: X, x U — X, defined by

(1.8) #(8,%) =6+ A v F(& — pkd).
Next, we prove that ¢ is a contraction. We write the difference as
0(8,8) = 8(8,8) = & 8 + AT W[F(E ~ped) ~ F(&—pud)]
= [I - A'reDF(& - ped ,& — ped Jpel(6 - 8).

"

Since DF(Z — pu6 ,& — ped ) = F (z*) as 6,6 — 0 and & — z* due to
(1.1g) and since [ — AZ'r F (z*)px = 0 by definition of Ay, the square bracket
approaches 0 as § ,6 — 0 and Z — z*. Hence, the estimate

1] — A rDF (& — pud & — pad pall < 1/2

holds in a suitable neighbourhood U “CcUofz* ie,forz €U and7— pn5l,
F—pd €eU".

For & = z*, the fixed point of § = ¢(§,Z) is § = 0. Due to the local version of
Banach’s fixed point theorem, (1.8) has a fixed point close to 0 as long as # is
in a neighbourhood U”" of z*. Choosing U "=U"NnU", we can guarantee the
existence of a fixed point of 6 — ¢(4,%). By definition, this is a solution of (1.6):
reF(Z — ped) = 0. 0

The proof is similar to that of the implicit function theorem. There, however,
one usually requires the existence of derivatives in a neighbourhood of z*.



300 M. DRYJA AND W. HACKBUSCH

Denote the solution of (1.6) by
(1.9) O = 84(2).

REMARK 1.5. The function §, satisfies
(1.10) 6e(z) = bu(c) = Déu(z 2" )z — ") forz,z €U
(U’ from Theorem 1.1) with D6, defined by

”

(1.11) Dé, = [roDFp,| 'rxDF, DF := DF(z — peu(z ),z — pudu(z )).
The operator DJ, satisfies

Dé,c(x’,:v”) — [rnF’(:v*)pn]_lrnFl (z*) asz,z — z*.

PROOF. The equation

"

0 = 0-0= r,cF(x/ — pnén(a:/)) — rnF(x’I — pebelz )
= rDF(e = peda(@ )7 = peda(@ )z ~ 2 = pe(Su(a’) = 6ula )]
yields ’ r ’ 17
reDF[z —2 | =r.DFp.(0c(z ) — dc(x ).
Note that r,DFp, is invertible because of (1.7) and (1.1¢) if the neighbourhood
is small enough. Applying the inverse of r,DFp,, we obtain (1.11). 0

The solutions §, = (%) for each « from (1.6) are added to form the global
correction 4, defined by

(1.12) 8(8) =6:=Y_ pubi(d).

kel

One step of the (nonlinear) subspace iteration is defined by z¢W := <I>(r°ld),

where
(1.13) ®(z) ;=2 — wd(z) (6(z) from (1.12)).
The value of the damping parameter w will be determined in §1.4.

1.4 The linear case.

We consider the linear problem Az — b =0 with A := F (z*), b = Az*. This
linear problem can be regarded as the linearization of the nonlinear problem
(1.1a) at the true solution z*. When we apply the subspace iteration (1.13) to
the linear problem F(z) := Az —b =0 with A := F'(z*), b = Az*, we obtain a
linear iteration with the iteration matrix

(1.14) My =T-w) peA7'red,  Ag=roAp.
kel
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(see 7, (11.2.14b)]). The resulting additive subspace method or Schwarz iter-
ation is well-discussed in the literature. Therefore, the analysis of the linear
case

is nott Theopehe subject of this paper. Instead, we assume that the linear
subspace iteration (1.14) converges with a certain contraction number ¢, i.e.,
X, Pr,Tx, and w are chosen such that

(1.15) M| < ¢ < L.

The main purpose of this chapter is to show that a similar rate locally holds
for the nonlinear version (1.13). In particular, for (1.13) we use the same w as
involved in (1.15).

1.5 Quantitative analysis of the asymptotic convergence of the nonlinear itera-
tion.

Let ® be the nonlinear subspace iteration described in §1.3 with w from §1.4.
Moreover, we assume that the estimate (1.15) with the rate ¢ < 1 holds for the
linear case. In the nonlinear case the norm of the iteration matrix is replaced
by the contraction number with respect to the norm ||.||. We estimate this in
the following theorem.

THEOREM 1.2. Assume (1.1a-g), (1.7), (1.15) and let ¢’ be any value in the
interval (¢,1) with ¢ from (1.15). Then there is a neighbourhood U of z* so
that

(1.16) @) -—®@= )| <¢ <1  foraliz',z €U,

i.e., the nonlinear subspace iteration ® converges in U and has the same asymp-
totic convergence rate { as the linear iteration applied to the linearized equa-
tions.

PROOF. a) The definition yields
B(r) - 2(a") = [a: —w Zmﬁ(z’)} - [m —w mew")} :
kel wel
Using (1.10) for the local corrections 8, (z ) and d.(z ), we obtain
d(z)-d(z) = [1 —wY peDiu(x, x”)] (z —z).
kel

Due to Remark 1.5, we have Zﬂelp,eDd,c(z', ') = Znelp,gAglr,gF'(z*) with
Ac:=7.F (z*)ps as ¥, — z*. A comparison with (1.14) shows that

{I - prnDé,i(:cl,;r”)} — M, as x,,x// —z*
wel
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Therefore, (1.15) implies ”[I WY er PrDby (z',z" “ < ¢ in a neighbourhood
of z*

b) Since ¢’ can be arbitrarily close to ¢ provided that the neighbourhood
U’ is small enough the contraction number of & approaches ¢ as the iteration
converges to x*. This proves that ¢ is the asymptotic rate. a

2 Quasilinear elliptic problems.

In this section we illustrate the nonlinear subspace method described in §1 for
quasilinear elliptic problems subject to Dirichlet boundary conditions.

The problem discussed here can also be used to illustrate the results of §3 con-
cerning an abstract theory of a nonlinear subspace method for the minimization
problem.

2.1 The differential problem.

Find u* € H}(f) such that
(2.1) b(u*,v) = f(v) for all ve HHQ),

where

(z,u, VU)v) dz

and

f(v):/ﬂfvda:.

Here  is a bounded region in R? with Lipschitz continuous boundary.

The problem (2.1) has a unique solution under certain assumptions on the
coefficients {a;}, see Ladyzhenskaya and Ural’tseva [9]. For simplicity of presen-
tation we consider here nonlinear problems with bounded nonlinearity (quasilin-
ear problems). This means that the coefficients a;(z, po, p1,p2) = a:(@, u, uz, uy)
where p = (po, Py, p2), Bu/dz1 = ug, Bu/dzy = du/dy = uy, p = (p1, py) satisfy
the following conditions with some constants ¢ and C :

(A.1) a; € CH(Q x R®),
Ba, Oa;

fori,k=0,1,2,and j =1,2.
In addition the operator is assumed to be strongly elliptic, i.e.

(A3) Z 6“’(”0 Bai(@.p) e > chl

i,j=0 i=0
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for any & = (&o,&1,&2) € R*, € # 0. Under these assumptions the problem (2.1)
is well posed in Hj (), see [9].

As a direct consequence of the assumptions (A.1-3) we have the following
statements which are used for an analysis of the discrete problem considered
below.

The bilinear form b(-, ) : H}(Q2) x H}(2) — R satisfies the following conditions:
there exist positive constants ¢ and C such that

(2.2) b(u,u — v) ~ b(v,u —v) > c||lu —v||?a
for any u,v € H}(Q), and

(2.3) Ib(u, w) — b(v,w)| < Cllu = vl|a [[wl] g
for any u,v,w € H}(f).

2.2 The discrete problem.

We discretize the problem (2.1) by the finite element method with triangular
elements and continuous piecewise linear functions only (for simplicity of pre-
sentation). We assume that  is a polygonal region which is first divided into
nonoverlapping triangular substructures {2; which form a coarse triangulation
with a parameter H. A fine triangulation of 2, with also triangular elements e;
and a parameter h, is obtained as refinement (several times) of the coarse trian-
gulation. We assume that the both triangulations are quasi-uniform in the sense
of finite element theory, see Ciarlet [3]. Let V}, be a finite element space defined
on the fine triangulation with piecewise linear continuous functions which vanish
on 0f}, the boundary of Q.

The discrete problem is of the following form. Find uj € V4 such that

(24) b(uy,vr) = f(vy) for all v e V.

It follows from the properties of the bilinear form b(-,) (see (2.2) and (2.3))
that this problem has a unique solution. The error estimate

lup, — w*llgr () < Chlu*|g2q)

is known provided that u* € H2(12), see [3].
Let
Vi =span{¢y,...,¢n},

where ¢; are the standard nodal basis functions and u}, = Y~ u;¢;, ui = up(z;),
and z; are the nodal points. Let

bi(ul,...,un)=b Zuj¢ja¢j y fizf(¢i)
j=1

and ~
B=(by,....0.)T, F=(f1,.. -, )7
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Using the above notation the problem (2.4) reduces to a nonlinear problem (cf.
{1.1a)) of the form

(2.5) F(up) = B(up) — f =0.

Here we have used an isomorphism between Vj, and R™ defined as follows. Any
function up € V}, is uniquely represented by a vector, denoted also by up € R™
with coordinates equal to the values of u;, € V}, at interior nodal points of 2,
and vice versa. Thus X = R™ and D = U = R" and, of course, the system (2.5)
has a unique solution as equivalent to the problem (2.4).

The rest of this section is devoted to the solution of (2.5) using the nonlin-
ear subspace iteration method described in §1 in terms of an additive Schwarz
method, see Dryja and Widlund [4], Cai and Widlund (2], and Hackbusch [7].

2.8 The additive Schwarz method.

To obtain the additive Schwarz method as the nonlinear subspace iteration
method we extend each €2; to a larger region Q;, ie., ; C Q; We assume that
the overlap satisfies the following conditions: i) BQ; does not cut the elements
e; and ii) &; = dist(8;, ;) is bounded from below by Ha with > 0 which
is independent of A (for more general case see Dryja and Widlund [5]).

The subspaces V,,x € I = {0,...,N} are defined as follows. For x = 0,
Vo = Vg, a finite element space with continuous piecewise linear basis functions
defined on the coarse triangulation.

Fork =1,...,N, VN(Q;) are the restriction of V}, to Q; with zero values on
O, and V,(Q) is an extension of Vi (f2,) with zero outside §2.. The vector
representation of VN(Q;) is denoted by X, = R™~. Let p.,x =1,..., N, be the
standard prolongation operator from VK(Q;) into V; C V}, by the extension by
zero outside Q0 and p, = r be its matrix representation. For x = 0, py = r{
is the standard interpolation operator (matrix form) from Vy = Vg into Vj,.

The method for solving (2.5) is defined as

(2.6) bt = uk —wa(uf),
where
5(“;?) = anén
kel
and &, is the solution of (cf.(1.6))
(2.7) re F(uf — peée) = 0.

We now analyse the method (2.6). The first question is a uniqueness and
existence result for the solution of (2.7). In view of Theorem 1.1 we should
check the assumptions (1.1a-g) and (1.7). Under the assumptions (A4.1-3) it
can be shown that F '(uh) exists for any u, € Vj, and it satisfies the conditions
(lL.le-g). It is easy to see that the condition (1.7) is also satisfied. Thus the
problems (2.7) are uniquely solvable for any uf € V},, see Theorem 1.1.
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To prove convergence of (2.6) by Theorem 1.2 we need to analyse the additive
Schwarz method for the linear systems with matrix A = F' (u}), i.e.,

(2.8) Aup, = b.

In the case of a symmetric matrix A the additive Schwarz method is analysed
in (4], see also [7]. The symmetry of A needs additional assumptions on the
coefficients a;(z,p), i.e.,

Bai(z,p) _ a;(z,p)

2.9 s
29) o, o,

i,j=0,1,2.

A convergence of the method without symmetry of A is done in [2]. From
these papers follows that

My=1-w) peA;'reA with Ax =rcAps
kel

satisfies
(2.10) [IMJl <¢ <1

for the some damping parameter w. As consequence of that and Theorem 1.2
we conclude that the method (2.6) for the nonlinear problem (2.5) is convergent
and it has the same asymptotic contraction rate ( as the linearized system with
A= F/(uz), i.e., geometrical with ¢ independent of H,h and the number of
substructures.

The implementation of the method (2.6) in each iteration reduces to the so-
lution of N + 1 subproblems which are independent, so they can be solved in
parallel. For details see the papers mentioned above.

3 The case of minimization.

In §1 we presented an abstract nonlinear system and derived local nonlinear
problems. In this section, we assume that the given nonlinear problem is equiv-
alent to a minimization problem. Then the local equations turn out to be mini-
mization problems, too. Next, we discuss global convergence. For this purpose
we use conditions which can be obtained from standard convexity assumptions.
8.1 Reformulation of the problem.

Assume that a function
(3.1) G:DcX—-R
is given and that the minimization problem

(3.2) G(z*) = ;réig G(x)

is to be solved.
In the following we make assumptions which link the new problem to the
equation from §1:
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(3.3a) G has a minimum at z*,
(3.3b) z* is a unique solution of (3.2) in D
(3.3c) G is differentiable and F(z) := G’ (z) satisfies (1.1a—g).

The next theorem ensures that also the local equations (1.6) are minimization
problems.

THEOREM 3.1. Assume (1.5). Then the subspace problem (1.6) is equivalent
to the following minimization problem in X, :

(3.4) Find 8, € X, with G(Z — pxdx) = min G(Z — p,6 ).
dex

PROOF. The gradient of g(8) := G(Z — p.d) for § € X, is g’ with
(9'(6), %) = (~F'(Z — pxb), paz) = ~(ruF (&~ psd), ) for allz € X,.
Therefore, g = 0 is equivalent to (1.6). ]

3.2 Global solvability.

In the following, the domain of definition D is the whole linear space X.
F(z) = G (z) is assumed to be continuous in X. In order to exclude stationary
points of G except z*, we require

(3.5) [|F(2)|] > e(x) >0  forallz € X\U,

where U C D is an (open) neighbourhood. The function £(z) is required to be
continuous on X\U. Condition (3.5) ensures that outside U the function F is
bounded away from zero.

Condition (3.3b) may be restricted to U (instead of D). Together with (3.5)
we conclude that z* is the unique solution of (3.2) in the whole space X.

For a real number p € R, the level set L, is defined by

(3.6a) L,:={reX:G(z) <p}
We require that
(3.6b) L, is compact for all p € R.
This assumption is satisfied if G(x) is unbounded for ||z|| — oo.

3.8 Global convergence.

For z € X\U, we replace the subspace minimization problem (3.4) by the
simpler gradient method:
Let Z € X\U. Find 4, € X, with ||d.|| = 1 such that

(3-7) <F(j)’pn6fc> = max{<F(53)1pnen> : “eNH =1l,es € XN}'
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Assume (1.5). A solution of (3.7) can be described explicitly:

(3.7 5 = T F(®)/IreF(Z)|| if roF(E) # 0;

otherwise, any unit vector §,, can be chosen.

LEMMA 3.2. Assume (1.4), (1.5), (3.3a—), (3.5),(3.6a,b), define 6, by (3.7')
and define § := ), .; Pxdx. Then for all p there is some ¢ > 0 such that

(3.8) (F(%),8)>¢  holds foralli € L,.

Inequality (3.8) states that —6 is a descent direction. This means that g(}\) :=
G(Z — A\8) has a negative derivative at A = 0 which is bounded away from zero,
ie., g (0) < —€ <0,

PROOF. Because of (1.4) and (1.5) (i.e.,, X = 3 p«X« and r. := pl), the
intersection of the kernels of r,; is the zero space. Therefore, ||z||and Y, ; ||rxz]|
are equivalent norms, in particular, there is a constant C' with

(3.9) el <CY lireal]  forallz € X.
wel

This proves that

(F(%),6) = Z(F('i‘)’pnan> = Z<TNF(5:)"5~> (3_.—;,) Z [Ir« F(2)]] > ||F(@)I|/C.
kel

wel wel

By (3.6b), L, \ U is also compact and it follows that ¢ := min{e(z) : z € L, } is
positive and thus ||F(Z)|| > € > 0. Combining this with the previous inequality
shows (3.8) with ¢ :=¢/C. a

REMARK 3.1. If (3.7) is replaced by the subspace minimization

(3.10) G(Z — Apedx) = min G(Z - Ped) with ||6.|| = 1,
s

"

it is not obvious that —p,d, is a local descent direction at Z, i.e., (F(Z), pxdx) >
0 (or 2¢/C).
,In (3.10) we have introduced the factor A to ensure ||6x|| = 1 (cf. (3.7)). If
d,, € X, is the minimizer of the right-hand side in (3.10), we have A := ||, |}.
Since F is uniformly continuous on L,, there is some Ao > 0 such that (3.8)
implies

(3.11) (F(§—X5),8)>¢/2 forall0 < A< A

with § from (3.8).

Below, we propose a globally convergent algorithm each step of which consists
of a local minimization problem, provided the iterate is in the neighbourhood U
of the solution. Because of Remark 3.1, we replace the minimization outside U
by a gradient-like method.
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ALGORITHM 3.1. GLOBAL ALGORITHM
(3.12a) & := x* (ith iterate).

(3.12b) If & € U, proceed as in §1 (where (1.6) may be reformulated by
the equivalent minimization problem (3.4)),
form 8 := 37, ; pxdx and set 2t ;= F — 4.

(3.12¢) If # € X\U, compute § := 3, ., px, as in Lemma 3.2,
define the next iterate z'*! by either of the following possibilities:

(3.1261) .’L’i+1 = - /\05 (/\0 as in (311)),

(3.12¢2) =5 - X6
with A being the minimizer of G(Z — A\d) over A > 0.

Since, in general, the neighbourhood U is unknown in practise, one may try
to perform (3.12b). If it does not show the expected convergence speed, one
switches to (3.12c). Since G(& — A\J) is decreasing for & small enough, it is
relatively easy to find a rough approximation A for (3.12c3).

REMARK 3.2. Consider the case of Z € X\U. In both of the cases (3.12¢; 2),
G is reduced by a fixed amount:

(3.13) Gz < G(zh) — Mg /2.

PROOF. In the case of (3.12¢;), the estimate (3.13) follows from (3.11). In
the other case, the minimum value from (3.12¢3) can only be smaller than in
{(3.12¢4). a

THEOREM 3.3. Assume (1.4), (1.5), (1.15), (3.3a—c), (3.5), (3.6a,b). Then,
for any starting value z° the algorithm (3.12) produces a sequence {z'} converg-
ing to x*. The asymptotic convergence behaviour is as described in §1.

PROOF. Given the starting value z°, define the value p := G(x°) appearing
in (3.8). As long as the iterates are outside U, G decreases as described in
(3.13). Therefore the iterates z' stay in the level set L,. The decrease by A% /2
can happen only finitely many times. Afterwards the iterates are in U and the
results of §1 are valid. In particular, they describe the asymptotic convergence
behaviour. ]

3.4 Convezity assumptions.

In order to justify the condition (3.5), we discuss the standard coercivity as-
sumption for the nonlinear problem. This is the inequality

(3.14) (F(z)-F(z' ),z -z )> vz —z"||* withy >0forz,z" € X,

e.g., for a > 1. Obviously, (3.14) implies the uniqueness required in (3.3a, b).
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REMARK 3.3. Condition (3.14) implies inequality (3.5) with

e(x)=Allz —2||* " V ze X\U.

PrOOF. Since F(z*) = 0, we have (F(z),z — z*) > v||x — z*||*. Therefore,
for z € X\U, we conclude that

IF@)| > KF(2), 2 — 2*)|/lle — 27| 2 llz - a*|*7 = e(2). O

REMARK 3.4. Inequality (3.14) with a > 0 implies (3.6a, b).

In the case of (3.14) with « > 0, it is not necessary to use different definitions
of the correction § as in (3.12b) and (3.12¢). We may change Algorithm 3.1 into

ALGORITHM 3.2. GLOBAL ALGORITHM
(3.15a) Set & := x* (ith iterate).

(3.15b) Compute & as in §1 (where (1.6) may be replaced by the equivalent
minimization problem (3.4)).

(3.15¢) If £ € U, set 21! := 7 —4§. If # € X\U, define the next iterate by either
of the following possibilities:

(3.15d,) 2= F - Aod

(3.15d,) =3 - A6 (A: minimizer of G(Z — Ad) over A > 0).

The choice of Ay is discussed in the proof of the next theorem.

THEOREM 3.4. Assume (1.4), (1.5), (1.15), (3.3¢), and (3.14) with & > 1. For
sufficiently small Ay, Algorithm 3.2 has the properties stated in Theorem 3.3.

PROOF. a) For each « let 6, € X, be the solutions of (1.6) (equivalently (3.4))
and set § := Y, ., peds and d := (3,.; IPx6x]|?)'/%. In parts b) and c) below
we show

(3.16a) & — z*|] < CrdY/ (D),

(3.16b) (F(%),6) > Cad®.

Since U is a neighbourhood of z*,7n := inf{p > 0 : {||lz* —z|| < p} € U} is
positive. Then if d < (/C1)®~1, the iterate T belongs to U and the iteration is
already in the asymptotic region. Otherwise, if d > (n/C1)*~!, the inequality
(3.8) holds with e := Cy(5/C;)*/®=1), Hence, A can be chosen such that (3.11)
is valid. Then the global convergence follows as in the proof of Theorem 3.3.
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b) There are §,, € X, with & —z* = 3 p,b. and Y el |lpdel2 < (C'||E -
z*||)2. Let C” be the bound of DF. Then,

|IF(&) = F(Z = pude)l| < C”|[pudall-
Since 4, minimizes G(Z — pgdi),
(3.17) (F(Z — pebr),pxts) =0 for all z,, € X...
Taking z. = 5,c, we get

(F(Z),Prbx) = (F(Z) — F(% — pebi); Prbr) < C” Pl ||pwiell-

Summation over « yields

<F(53)»:Z - .T‘> = Z <F(i)7pn6n>

K

IA

C" S lIpxbill llpadcl]

C'dC'||& - z*).

IN

Together with
(F(2),& —2") = (F(Z) - F(z%),2 — ") 2| — ="[|%,
we obtain [|& — z*|] < (C'C"d/y)"(>=D. Hence, (3.16a) holds with C; :=

(©C" e,
c) For the proof of (3.16b) use (3.17) with z,, = J,:

(F(j)’pn5n> = (F(j) - F(i: ‘pndn)vpn5ﬂ> (3%4) 7”pn6m”a-

Summation over x yields

a/2
(F(%),0) > '72 Hpnécha >~Cla) (Z HpnénH2> = Cd*

with Cy := vC(a). O
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