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Abstract .  

Any domain decomposition or additive Schwarz method can be put into the abstract 
framework of subspace iteration. We consider generalizations of this method to the 
nonlinear case. The analysis shows under relatively weak assumptions that the non- 
linear iteration converges locally with the same asymptotic speed as the corresponding 
linear iteration applied to the linearized problem. 
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0 Introduct ion .  

We describe a generalization of the subspace iteration to the nonlinear case. It 
reduces to the standard subspace iteration in the linear case. In this sense, it is 
a true generalization of the linear subspace iteration. It requires the solution of 
local nonlinear subproblems. The analysis shows under relatively weak assump- 
tions that the nonlinear iteration converges locally with the same asymptotic 
speed as the corresponding linear iteration applied to the linearized problem. 
To simplify the presentation, we assume for the linear as well as for the nonlin- 
ear case that the local subproblems are solved exactly. It is straightforward to 
replace the exact solution by an iterative one. 

The nonlinear subspace iteration presented in this paper is constructed from 
the linear one in the same way as the linear multi-grid method is generalized to 
the nonlinear one. Therefore the tools of the analysis are similar to those in the 
multi-grid case (cf. Hackbusch [6, w 

In the second part of this paper, we discuss conditions under which global 
convergence can be guaranteed. The proposed algorithm uses different strategies 
depending on whether the iterates are in a neighbourhood of the solution or 
outside. We remind the reader of a global convergence result for the nonlinear 
multi-grid method (cf. Hackbusch and Reusken [8]). 

*Received December 1995. Revised September 1996. 
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A different approach to the solution of nonlinear problems is the use of New- 
ton's method. The involved linear equations can be solved, e.g., by a domain 
decomposition method as secondary iteration. The nonlinear solver is analysed 
by Cai and Dryja [1] for some special cases. A convergence analysis of a similar 
algorithm under stronger conditions is considered in Part II of Tai [10]. 

1 The general setting of the problems. 

1.1 The nonlinear problem. 

We consider the finite dimensional nonlinear equation 

(1.1a) F(x) = 0 x E D C X, d i m X  < oc. 

The fact that this equation may be a finite element discretization of the nonlinear 
boundary value problem (see w will not be used in this section. We assume 
that there is at least one solution x* of (1.1a) in D, which will be fixed in the 
following: 

(lAb) there is x* E n with F(x*) =0. 

Further, we assume that the solution x* is locally isolated: 

(1.1c) U C D is a neighbourhood of x* such that x* is the unique solution of 
(1.1a) in U; 

(1.1d) the Fr~chet derivative Fr(x *) exists and is non-singular. 

The multidimensional analogue of a difference quotient is the following operator 
DF. We assume that 

(1.1e) a un!formly bounded linear operator DF(x',  x",) E,,L(X, X) is defined 
for all x ,x  E X (i.e., ]IDF(x',x")II <_ C for all x ,x  E X such that 

(1.1f) F(x') - F(x") = DF(x' ,x")(x '  - x") and 

(1.1g) IIDF(x',x") - F' (x*)[] --+ O as x ' ,x" -+ x*. 

Here, [] �9 I] denotes the norm of X and at the same time the induced operator 
norm in L(X, X). The assumptions made above are very weak as shown in the 
following remarks. 

REMARK 1.1. Since X is finite dimensional, DF(x',x"),,and F'(x~) are 
bounded. Moreover, the convergence (1.1g),implies ]IDF(x ,x )]l-< 2]IF (x*)]I 
for all x , x in a suitable neighbourhood U C U of x*. 

REMARK 1.2. Assume that F'(x) exists for all x E U. Then a possible choice 
of DF(x',  x") is 

t / t  f l  i t t t  t 

(1.2) D F ( x , x  ) = ] o  F (x +t(x  - x  ))dt. 
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If, in addition, F'(x)  is continuous at x* (i.e., ] lF ' (x* ) -F ' (x ) l  I --+ 0 as x --+ x*), 
then (1.1g) holds for D F  from (1.2). 

REMARK 1.3. The assumption (1.1f) may even be satisfied when F is not F- 
differentiable in U{x*}. As an example take any Lipschitz continuous function 
F : R --+ R with F (0) existing at 0. Then (1.1f) is valid, for the difference 
quotient D F ( x ' , x " ) : =  ( F ( x ' ) -  F ( x " ) ) / ( x ' - x " )  if x' ~ x and D F ( x , x ) : =  
F'  (0), otherwise. However, (lAg) holds only in the weaker sense that as x', x" --+ 
x*, x ,x also have to satisfy ]Ix' - x*ll + IIx" - x'i] _< constiix' - x"ll. 

1.2 Subspaces. 

Any subspace method (Schwarz method or domain decomposition method) 
can be characterized by means of spaces X .  (~ E I, I is a finite index set), 
linear injective mappings 

(1.3a) p~ : X~ -4 X,  

and linear surjective mappings 

(1.3b) r~ : X --+ X~. 

The spaces X~ are the spaces used in the computations, while the images p~X~ 
are the subspaces of X involved in the subspace iteration method. The subspaces 
p~X~ must cover the whole space X, i.e., it is required throughout this paper 
that 

(1.4) X = Z p ~ X ~ .  

The standard choice of the "restriction" r~ is 

(1.5) r := pT (adjoint in the Euclidean inner product). 

An analysis of linear subspace iterations using this notation can be found in 
Hackbusch [7, w 

1.3 Nonlinear subspace iteration. 

In the following we describe a nonlinear iteration which reduces to the standard 
subspace iteration in the linear case. In this sense, it is a true generalization of 
the linear subspace iteration. Let & be a given approximation in the neighbour- 
hood U of x*. For each index a E I, we pose the following nonlinear subspace 
problem: 

Find 5~ E X .  such that 

(1.6) r~F(~ - p~5~) = O. 

In (1.6) we require the exact solution of the subspace problem. In the numerical 
application, this will be replaced by an approximate solution analogously to the 
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linear case (cf. [7]). Since the analysis of secondary iteration would complicate 
the discussion without gaining more insight, we restrict our discussion to (1.6). 

In general, the solvability of (1.1a) in X does not imply solvability of (1.6) in 
the subspace X~. To establish the latter, we suppose that the operator 

(1.7) r~F'(x*)p~ : X~ --~ X~ 

is invertible. In the linear case, (1.7) means that the subspace problem is solv- 
able. Usually, this assumption is not explicitly written, since the assumptions 
of the following remark are satisfied. 

REMARK 1.4. If F'(x*) is positive definite and (1.5) holds, then r~F'(x*)p,~ 
is also positive definite, so that (1.7) holds. 

The next result shows that (1.7) guarantees the local solvability of the nonlin- 
ear problems (1.6). 

THEOREM 1.1. Assume (1.1a-g), (1.7) and choose a sufficiently small neigh- 
bourhood U' of x* (i.e., x* E U' C U C X) .  Then the subspace problem (1.6) is 
uniquely solvable for all 2 E U' and all indices t~ E I. 

By "uniquely solvable" we mean that there is a unique continuous function 
5~ = 5~(2) satisfying (1.6) for 2 E U' with 5~(x*) = O. 

PROOF. Set A~ := r~F'(x*)p~. Since ~ is fixed in the following, we write 
5 instead of 5~. The mapping r = Ok defined below describes a Newton-like 
iteration: 

U' 5 n e w : = r  ~ with r  • --+X~ defined by 

(1.8) r := 5 + A~lr~F(2  - p~5). 

Next, we prove that r is a contraction. We write the difference as 

r - r = 5' - 5" + A-~'r~[F(2 - p , 5 ' )  - F(2 -p~5")] 

= [I - A ; l r ~ D F ( 2  - p ~ 5 ' , 2  -p~5")p~](5' - 5"). 

Since D F ( 2 -  p ~ 5 ' , 2 -  p~5") --+ F'(x*) as 5',5" --+ 0 and 2 --+ x* due to 
(1.1g) and since I -  A-~lr~F ' (x*)p~ --- 0 by definition of A~, the square bracket 
approaches 0 as 5', 5" -~ 0 and 2 --+ x*. Hence, the estimate 

I I I -  A ; l r ~ D F ( 2  - p~5', 2 - p~5")p~l[ < 1/2 

holds in a suitable neighbourhood U" C U of x*, i.e., for 2 E U" and 2 -p~5 ' ,  
2 - p~5" E U". 

For 2 = x*, the fixed point of 5 = r 2) is 5 = 0. Due to the local version of 
Banach's fixed point theorem, (1.8) has a fixed point close to 0 as long as 2 is 
in a neighbourhood U'" of x*. Choosing U' := U" M U'", we can guarantee the 
existence of a fixed point of 5 - r ~). By definition, this is a solution of (1.6): 
r~F(2 - p~5) = O. [] 

The proof is similar to that of the implicit function theorem. There, however, 
one usually requires the existence of derivatives in a neighbourhood of x*. 
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Denote the solution of (1.6) by 

(1.9) 5~ = 5~(2). 

REMARK 1.5. The function 5~ satisfies 

(1.10) 5,(x ' ) -5~(x")  =DS~(x ' , x " ) ( x ' - x " )  f o r x ' , x "  e U' 

(U' from Theorem 1.1) with DS~ defined by 

(1.11) DS~ := [r~DFp,~]-lr,~DF, DF := DF(x' -p~5~(x'),x" -p,5,dx")) .  

The operator DS~ satisfies 

DS,~(x',x") --+ [r~F'(x*)p,~]-lr,~F'(x *) as x' ,x" ~ x*. 

0 

yields 

PROOF. The equation 
! s i !  H 

o - o - -  r F(x - p 5 (x ) )  - r F(x - )) 
t t H i t  t I I  ~ t l  

r~DF(x -p~5~(x ),x -p .5~(x  ))[x - x  -p . (5~(x  ) - 5 . ( x  ))] 

r~DF[x' - x"] = r,~DFp,~(6~(x') - 5~(x")). 

Note that  r,~DFp~ is invertible because of (1.7) and (lAg) if the neighbourhood 
is small enough. Applying the inverse of r,~DFp~, we obtain (1.11). [] 

The solutions 5~ = 5~(2) for each ~ from (1.6) are added to form the global 
correction 5, defined by 

(1.12) 5(2) = 5 := E p ~ 5 ~ ( 2 ) .  

One step of the (nonlinear) subspace iteration is defined by x new := O(x~ 
where 

(1.13) (I'(x) := x - ~5(x) (5(x) from (1.12)). 

The value of the damping parameter w will be determined in w 

1.3 The linear case. 

We consider the linear problem Ax - b = 0 with A := F'(x*), b = Ax*. This 
linear problem can be regarded as the linearization of the nonlinear problem 
(1.1a) at the true solution x*. When we apply the subspace iteration (1.13) to 
the linear problem F(x) := Ax - b = 0 with A := F'(x*), b = Ax*, we obtain a 
linear iteration with the iteration matrix 

(1.14) M~ : = I - ~ E p ~ A - ~ l r ~ A  , An -=r~Ap~ 
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(see [7, (11.2.14b)]). The resulting additive subspace method or Schwarz iter- 
ation is well-discussed in the literature. Therefore, the analysis of the linear 
case 
is nott Theopehe subject of this paper. Instead, we assume that the linear 
subspace iteration (1.14) converges with a certain contraction number ~, i.e., 
X . ,  p . ,  r~, and w are chosen such that 

(1.15) IIM~II _< ~ < 1. 

The main purpose of this chapter is to show that a similar rate locally holds 
for the nonlinear version (1.13). In particular, for (1.13) we use the same w as 
involved in (1.15). 

1.5 Quantitative analysis of the asymptotic convergence of the nonlinear itera- 
tion. 

Let (I) be the nonlinear subspace iteration described in w with w from w 
Moreover, we assume that the estimate (1.15) with the rate ( < 1 holds for the 
linear case. In the nonlinear case the norm of the iteration matrix is replaced 
by the contraction number with respect to the norm I[.ll. We estimate this in 
the following theorem. 

THEOREM 1.2. Assume (1.1a-g), (1.7), (1.15) and let ~' be any value in the 
interval (~, 1) with ~ from (1.15). Then there is a neighbourhood U' of x* so 
that 

I r  i ! i i  i 

(1.16) IJ{(x') - (I)(x)11 <- ~ < 1 for allx ,x  E U ,  

i.e., the nonlinear subspace iteration ~2 converges in U' and has the same asymp- 
totic convergence rate ~ as the linear iteration applied to the linearized equa- 
tions. 

PROOF. a) The definition yields 

�9 (x') ) x' - - w pgS~(x' - w p~Sg(x" 
~CI J g e l  

Using (1.10) for the local corrections (fg(x') and 5g(x"), we obtain 

�9 ( x ) - ~ ( x " ) =  I - w  pgDS,~(x,x (x - x  ). 

Due to Remark 1.5, we have ~ e i p ~ D S g ( x ' ,  x") -~ ~ , E i P ,  A-~lr~F'(x *) with 
t * i t l  

Ag := r~F (x )p~  as x ,x  -+ x*. A comparison with (1.14) shows that 

E (' ")] ' " x, I - w  p,~DS, x ,x  ~ M~ a s x , x  -~ . 
~ E I  d 
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Therefore, (1.15) implies [I - w ~ e l  P~D(f~ (x', x")] < r in a neighbourhood 

o f  X*.  

b) Since ~' can be arbitrarily close to ~ provided that the neighbourhood 
U' is small enough, the contraction number of (I) approaches ~ as the iteration 
converges to x*. This proves that ~ is the asymptotic rate. [] 

2 Quasilinear elliptic problems. 

In this section we illustrate the nonlinear subspace method described in w for 
quasilinear elliptic problems subject to Dirichlet boundary conditions. 

The problem discussed here can also be used to illustrate the results of w con- 
cerning an abstract theory of a nonlinear subspace method for the minimization 
problem. 

2.1 The differential problem. 

Find u* �9 H~ (f~) such that  

(2.1) b(u*,v) = f(v) for all v �9 H i ( a ) ,  

where 

and 

ov ) 
b(u,v)= ~ a i ( x , u ,  Vu)-~xi+ao(x,u,  Vu)v dx 

i = l  

f 
f(v) = ]~ fvdx. 

Here ~ is a bounded region in R 2 with Lipschitz continuous boundary. 
The problem (2.1) has a unique solution under certain assumptions on the 

coefficients {a~ }, see Ladyzhenskaya and Ural'tseva [9]. For simplicity of presen- 
tation we consider here nonlinear problems with bounded nonlinearity (quasilin- 
ear problems). This means that  the coefficients ai (x, Po, Pl, P2) = ai (x, u, ux, u~) 

! 
where p = (Po,BI,P2), Ou/Oxl = ux, Ou/Ox2 = Ou/Oy = uy, p = (Pl,P2) satisfy 
the following conditions with some constants c and C : 

(A.1) ai �9 C1(~ x Ra), 

(A.2) 
Oxj '  Opk I <- C, 

for i, k = 0, 1, 2, and j -- 1, 2. 
In addition the operator is assumed to be strongly elliptic, i.e. 

2 2 

i,j-~O i = 0  
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for any ~ --- (~0,~1,~2) E R 3 , ~  ~ 0. Under these assumptions the problem (2.1) 
is well posed in H01(~), see [9]. 

As a direct consequence of the assumptions (A.1-3) we have the following 
statements which are used for an analysis of the discrete problem considered 
below. 

The bilinear form b(-,.) : H~ (f~) x H~ (f~) --+ R satisfies the following conditions: 
there exist positive constants c and C such that 

(2.2) b(u, u - v) - b(v, u - v) > cllu - vii ~,  

for any u, v E H01 (fl), and 

(2.3) Ib(u,w) - b(v,w)l < C l l u  - vll.,ll ll.1 

for any u , v , w  E H ~ ( a ) .  

2.2 The  discrete problem. 

We discretize the problem (2.1) by the finite element method with triangular 
elements and continuous piecewise linear functions only (for simplicity of pre- 
sentation). We assume that Q is a polygonal region which is first divided into 
nonoverlapping triangular substructures f~i which form a coarse triangulation 
with a parameter H. A fine triangulation of ~2, with also triangular elements ej 
and a parameter h, is obtained as refinement (several times) of the coarse trian- 
gulation. We assume that the both triangulations are quasi-uniform in the sense 
of finite element theory, see Ciarlet [3]. Let Vh be a finite element space defined 
on the fine triangulation with piecewise linear continuous functions which vanish 
on 0f~, the boundary of f~. 

The discrete problem is of the following form. Find u~ E Vh such that 

(2.4) b(U*h, Vh) ---- f ( v h )  for all v E Yh. 

It follows from the properties of the bilinear form b(-, .) (see (2.2) and (2.3)) 
that this problem has a unique solution. The error estimate 

is known provided that u* E H2(f~), see [3]. 
Let 

Vh = span{C1,. . . ,  On}, 

where r are the standard nodal basis functions and u~ = ~ uir ui = Uh(Xi), 
and xi are the nodal points. Let 

and 

f i  ~- f(r  

B- - (b l , . . . , b ,~ )  T, ] = ( f l , . . . , f n )  T. 
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Using the above nota t ion  the prob lem (2.4) reduces to a nonlinear p rob lem (cf. 
(1.1a)) of the form 

(2.5) F(Uh) =-- B(uh)  -- ] = O. 

Here we have used an isomorphism between Vh and R n defined as follows. Any 
function Uh C Vh is uniquely represented by a vector,  denoted also by Uh E R n 
with coordinates  equal to the values of uh C Vh at  interior nodal  points  of f2, 
and vice versa. Thus  X = R n and D = U = R n and, of course, the sys tem (2.5) 
has a unique solution as equivalent to the prob lem (2.4). 

The rest of this section is devoted to the solution of (2.5) using the nonlin- 
ear subspace i terat ion me thod  described in w in te rms  of an addit ive Schwarz 
method,  see Dryja  and Widlund [4], Cai and Widlund [2], and Hackbusch [7]. 

2.3 The additive Schwarz method. 

To obtain  the addit ive Schwarz me thod  as the nonlinear subspace i terat ion 
method we extend each ~i  to a larger region ~'i, i.e., ~ti C 12' i. We assume tha t  
the overlap satisfies the following conditions: i) 0~t' i does not cut the elements  

ej and ii) 5i = dist(O~i,  0~'~) is bounded  from below by H a  with a > 0 which 
is independent  of h (for more general case see Dryja  and Widlund [5]). 

The subspaces V~,n C I = { 0 , . . . , N }  are defined as follows. For n = 0, 
Vo -- VH, a finite element space with continuous piecewise linear basis functions 
defined on the coarse t r iangulat ion.  

For g = 1 , . . .  , N ,  V~(~'~) are the restr ict ion of Vh to ~'~ with zero values on 
0~'~, and V~(~) is an extension of V~(~'~) with zero outside ~'~. The  vector  
representat ion of V~(gt'~) is denoted by X~ = R n~. Let p~, n -- 1 , . . . ,  N,  be the 
s tandard prolongat ion opera to r  from V~(~'~) into V, C Vh by the extension by 

' T be its ma t r ix  representat ion.  For n = 0, P0 = ro T zero outside ~ and p~ = r .  
is the s tandard  interpolat ion opera to r  (mat r ix  form) from V0 = VH into Vh. 

The method  for solving (2.5) is defined as 

(2.6) u~ +1 = Ukh - wh(u~), 

where 

and 5~ is the solution of (cf.(1.6)) 

(2.7) r~F(ukh -- p,5~) = O. 

We now analyse the me thod  (2.6). The  first question is a uniqueness and 
existence result for the solution of (2.7). In view of Theorem 1.1 we should 
check the assumpt ions  (1.1a-g) and (1.7). Under  the assumpt ions  (A.1-3) it 
can be shown tha t  F ' (uh )  exists for any Uh E Vh and it satisfies the conditions 
(1.1e g). It is easy to see tha t  the condit ion (1.7) is also satisfied. Thus  the 
problems (2.7) are uniquely solvable for any u k E Vh, see Theorem 1.1. 
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To prove convergence of (2.6) by Theorem 1.2 we need to analyse the additive 
Schwarz method for the linear systems with matrix A = F (Uh), i.e., 

(2.8) Auh = b. 

In the case of a symmetric matrix A the additive Schwarz method is analysed 
in [4], see also [7]. The symmetry  of A needs additional assumptions on the 
coefficients ai(x, p), i.e., 

(2.9) cOai(x,p) _ Oaj(x,p) i , j  = 0,1,2. 
Opj Op~ ' 

A convergence of the method without symmetry of A is done in [2]. From 
these papers follows that  

M~ = I -  w E p ~ A ~ l r ~ A  with A~ = r~Ap~ 
gEI 

satisfies 

(2.10) [[M~[[ _< ; < 1 

for the some damping parameter  w. As consequence of that  and Theorem 1.2 
we conclude that  the method (2.6) for the nonlinear problem (2.5) is convergent 
and it has the same asymptotic contraction rate ( as the linearized system with 

t * 

A = F (uh), i.e., geometrical with ~ independent of H, h and the number of 
substructures. 

The implementation of the method (2.6) in each iteration reduces to the so- 
lution of N + 1 subprobtems which are independent, so they can be solved in 
parallel. For details see the papers mentioned above. 

3 T h e  case  o f  m i n i m i z a t i o n .  

In w we presented an abstract  nonlinear system and derived local nonlinear 
problems. In this section, we assume that  the given nonlinear problem is equiv- 
alent to a minimization problem. Then the local equations turn out to be mini- 
mization problems, too. Next, we discuss global convergence. For this purpose 
we use conditions which can be obtained from standard convexity assumptions. 

3.1 Reformulation of the problem. 

Assume that  a function 

(3.1) G :  D C X --+ R 

is given and that  the minimization problem 

(3.2) G(x*) = ruinG(x) 
x c D  

is to be solved. 
In the following we make assumptions which link the new problem to the 

equation from w 
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(3.3a) G has a minimum at x*, 

(3.3b) x* is a unique solution of (3.2) in D 

(3.3c) G is differentiable and F(x) := G'(x) satisfies (1.1a-g). 

The next theorem ensures that  also the local equations (1.6) are minimization 
problems. 

THEOREM 3.1. Assume (1.5). Then the subspace problem (1.6) is equivalent 
to the following minimization problem in Xtr 

(3.4) Find~,r E X~ with G(5: - p ~ )  = min G(~ - p~(f'). 
5' EX~ 

PROOF. The gradient of g(5) := G(& -p~5)  for 5 E X~ is g' with 

(g' (~), x) =- ( - F '  (~ - p~5), p~x) = - (r~F' (~ - p~5), x) for all x E X~. 

Therefore, g' = 0 is equivalent to (1.6). [] 

3.2 Global solvability. 

In the following, the domain of definition D is the whole linear space X. 
F(x) --- G'(x) is assumed to be continuous in X. In order to exclude stationary 
points of G except x*, we require 

(3.5) fIF(x)l] _ r > 0 for all x e X\U,  

where U C D is an (open) neighbourhood. The function r is required to be 
continuous on X\U.  Condition (3.5) ensures that outside U the function F is 
bounded away from zero. 

Condition (3.3b) may be restricted to U (instead of D). Together with (3.5) 
we conclude that  x* is the unique solution of (3.2) in the whole space X. 

For a real number p E R, the level set Lp is defined by 

(3.6a) Lp := {x E X :  G(x) < p}. 

We require that 

(3.6b) L v is compact for all p E R. 

This assumption is satisfied if G(x) is unbounded for I Ix]I -+ cr 

3.3 Global convergence. 

For x E X \ U ,  we replace the subspace minimization problem (3.4) by the 
simpler gradient method: 

Let ~ E X\U.  Find 5~ E X~ with iIh~II = 1 such that 

(3.7) <F(&),p~5~> = max{<F(hz),p~e~>: Iie~II = 1, e~ E X~}. 
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Assume (1.5). A solution of (3.7) can be described explicitly: 

(3.7') 6~ = r~F(~)/]lr~F(5c)] I if r~F(~) # 0; 

otherwise, any unit vector (in can be chosen. 

LEMMA 3.2. Assume (1.4), (1.5), (3.3a-c), (3.5), (3.6a, b), define ~ by (3.7') 
and define ~ := ~ E I  P~5a" Then for all p there is some r > 0 such that 

(3.8) <F(~), 5> > r holds for all ~ E Lp. 

Inequality (3.8) states that - 5  is a descent direction. This means that g(A) :-- 
G(b - AS) has a negative derivative at A = 0 which is bounded away from zero, 
i.e., g' (O) <_ - c  < O. 

T PROOF. Because of (1.4) and (1.5) (i.e., X = ~-~.p,~X~ and r .  := p~), the 
intersection of the kernels of r~ is the zero space. Therefore, []xiI and ~-]~EI I Ir~xi] 
are equivalent norms, in particular, there is a constant C with 

(3.9) Ilxll < c} -~  IIr~xlI for a l lx  E X. 

This proves that 

<F(~), 5> = Z<F(~?),p~6~) = Z<r~F(b),  6~> (3.~') ~ IIr~F(~)ll > IIF(.~)II/C. 

By (3.6b), Lp \ U is also compact and it follows that c := min{c(x) : x E Lp} is 
positive and thus ],]F(~)I I > r > 0. Combining this with the previous inequality 
shows (3.8) with c := c/C-~ r3 

REMARK 3.1. If (3.7) is replaced by the subspace minimization 

(3.10) G(hc - Ap~5,~) = min G(5: -p,r with [I5~][ = 1, 
5'  EX~ 

it is not obvious that - p ~  is a local descent direction at ~, i.e., (F(~),p,~5~) > 
o (or > v/C). 

In (3.10) we have introduced the factor A to ensure I[(f~lI = 1 (el. (3.7/). If 
(f'~ E X~ is the minimizer of the right-hand side in (3.10), we have A := [lh~l[. 

Since F is uniformly continuous on Lp, there is some A0 > 0 such that (3.8) 
implies 

(3.11) <F(&- Ah),5) >_ c' /2 for all0 < A < A0 

with 5 from (3.8). 
Below, we propose a globally convergent algorithm each step of which consists 

of a local minimization problem, provided the iterate is in the neighbourhood U 
of the solution. Because of Remark 3.1, we replace the minimization outside U 
by a gradient-like method. 
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ALGORITHM 3.1. G L O B A L  A L G O R I T H M  

(3.12a) ~ := x i (ith iterate). 

(3.12b) If ~ �9 U, proceed as in w (where (1.6) may be reformulated by 
the equivalent minimization problem (3.4)), 
form 5 := ~-~.~ip~5~ and set x i+1 := ~ - 5. 

(3.12c) If ~ �9 X \ U ,  compute 5 := ~ i p ~ 5 , ~  as in Lemma 3.2, 

define the next iterate X i+l b y  either of the following possibilities: 

(3.12Cl) x i + l  : :  :~ - -  )~0 (~ ()~0 a s  in (3.11)), 

(3.12c2) x i+1 := 2 - A5 
with s being the minimizer of G(& - AS) over A > 0. 

Since, in general, the neighbourhood U is unknown in practise, one may try 
to perform (3.12b). If it does not show the expected convergence speed, one 
switches to (3.12c). Since G(& - A(f) is decreasing for 5 small enough, it is 
relatively easy to find a rough approximation A for (3.12c2). 

REMARK 3.2. Consider the case of 2 E X \ U .  In both of the cases (3.12Cl,2), 
G is reduced by a fixed amount: 

(3.13) G(x  i+1) <_ G(x  i) - A0r 

PROOF. In the case of (3.12Cl), the estimate (3.13) follows from (3.11). In 
the other case, the minimum value from (3.12c2) can only be smaller than in 
(3.12Cl). [] 

THEOREM 3.3. Assume (1.4), (1.5), (1.15), (3.3a~),  (3.5), (3.6a, b). Then, 
for any starting value x ~ the algorithm (3.12) produces a sequence {x i} converg- 
ing to x*. The asymptotic convergence behaviour is as described in w 

PROOF. Given the starting value x ~ define the value p := G(x  ~ appearing 
in (3.8). As long as the iterates are outside U, G decreases as described in 
(3.13). Therefore the iterates x i stay in the level set Lp. The decrease by A~ 
can happen only finitely many times. Afterwards the iterates are in U and the 
results of w are valid. In particular, they describe the asymptotic convergence 
behaviour. [] 

3.4 Convexity assumptions. 

In order to justify the condition (3.5), we discuss the standard coercivity as- 
sumption for the nonlinear problem. This is the inequality 

(3.14) (F(x ' )  - F ( x " ) , x '  - x")  > ~/llx' - x"ll ~ w i t h ~ > 0 f o r x ' , x " e X ,  

e.g., for a > 1. Obviously, (3.14) implies the uniqueness required in (3.3a, b). 
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REMARK 3.3. Condition (3.14) implies inequality (3.5) with 

e(x) - -  ~ l l x '  - x " l l  ~ - '  v ~ �9 x\u. 

PROOF. Since F(x*) = 0, we have ( F ( x ) , x -  x*) >_ 7 [ I x -  x*][ ~. 
for x �9 X\U,  we conclude that 

IlF(x)ll ~> I<F(x),x-x*>l/llx- x'l] _> ~ l lx -  x*[I " - 1  = :  c(x). 

Therefore, 

[] 

REMARK 3.4. Inequality (3.14) with c~ > 0 implies (3.6a, b). 

In the case of (3.14) with a > 0, it is not necessary to use different definitions 
of the correction 5 as in (3.12b) and (3.12c). We may change Algorithm 3.1 into 

ALGORITHM 3.2. GLOBAL ALGORITHM 

(3.15a) Set k :---- x i (ith iterate). 

(3.155) Compute (i as in w (where (1.6) may be replaced by the equivalent 
minimization problem (3.4)). 

(3.15c) If& �9 U, set x i+1 := ~ - 5 .  I f2  �9 X\U,  define the next iterate by either 
of the following possibilities: 

(3.15dl) x i+1 := 5: - A05 

(3.15dl) x i+1 := ~ - A5 (l: minimizer of G(& - AS) over A > 0). 

The choice of A0 is discussed in the proof of the next theorem. 

THEOREM 3.4. Assume (1.4), (1.5), (1.15), (3.3c), and (3.14) with ~ > 1. For 
sufficiently small A0, Algorithm 3.2 has the properties stated in Theorem 3.3. 

PROOF. a) For each t{ let 5~ �9 X,, be the solutions of (1.6) (equivalently (3.4)) 
and set 5 :-- ~-~eip~5~ and d := ( ~ e l  [IP'r 1/2" In parts b) and c) below 
we show 

(3.16a) I[:~- x*[[ _< Cld U(a-1), 

(3.16b) <F(&), 5) > C2d ~. 

Since U i s  ane ighbourhoodofx* ,~] :=  inf{p > 0 : {[Ix*-xl[  < p} �9 U} is 
positive. Then if d < (~/C1) ~-1, the iterate Y~ belongs to U and the iteration is 
already in the asymptotic region. Otherwise, if d > (~/C1) a - l ,  the inequality 
(3.8) holds with ~ := C207/C1) a/(a-1). Hence, A0 can be chosen such that (3.11) 
is valid. Then the global convergence follows as in the proof of Theorem 3.3. 
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b) There are 5~ �9 X~ with ~ - x* = ~-~p~5~ and E ~ I  Ilp~5~ll ~ -< (C'll~ - 

x*ll) 2. Let C" be the bound of D F .  Then, 

IIg(~)  - F(:~ - p~5~)l l  --- C"l lp~5~l l .  

Since 5~ minimizes G(& -p,~5,~), 

(3.17) (F(~c - p,~5,~),p,~x,~) = 0 for all x,~ �9 X~. 

Taking x~ = 5~, we get 

(F(~),p~5~) = (F(~:) - F(~c - p,~5,~),p,~5,~) < C" llp,~&ll IIp~d~ll. 
Summation over a yields 

(F(~),~ - ~'> = ~ <F(~),p~L> 

Together with 

< c"~-~ IIp,~&ll IIp,~,~,~ll 

<_ C " d C '  l l~ - x* l l .  

(F(Sc),Fc - x*) = (F(Sc) - F ( x * ) , b  - x*) >_ ~11~ - x*lt% 

we obtain I]~:- x*]l <_ ( C ' C " d / 7 )  1/('~-1). Hence, (3.16a) holds with C1 := 
(c' c" /,~)1/(~-1). 

c) For the proof of (3.16b) use (3.17) with x~ = ~ :  

(F(k),p,~6,~) = (F(~c) - F(Fc - p,~5,~),p,~6,~) > "yl lp~l l  ~. 
(3.14) 

Summation over a yields 

(F(~) ,5)  >_ ? El[p,~5,~ll  '~ > ~ C ( a )  IIp,r = C 2 d  '~ 
t~ 

with C2 :~-- '),C(o~). [] 
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